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Thus, on the basis of the three'dimensional magnet~)elasticity equations, a correct 
two-dimensional ~eory  of shells and pla~es of finite conductivity has been consu~cmd. 
This themy allows us to solve magne~oelasticlty ixoblems for shells and plains having 
finite dimensions. 

The auChc~ are ~ateful  to A. L. Gol'denveizer for discussing the research and for 
valuable comments. 
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Values of the upper ori~cal buckling loads of nonsymme~-ic s~ictly convex elas- 
t ic shallow shells are determined when the relative wall thickness paramezer is 
suff/c/ently smal l  Simple relationships are derived from which the mentioned 
values can be found if the character of the loading, the shell geomeUT, and the 
methnd of fixing the edge are known. In pauing, aJn/mpt~tic expamiom of file 
solutions permitting a computation of zhe szzesz-sztain siam of shell in zhe preori- 
t ical stage are consu'uczed for ~ e  approprlate boundary value problems. As an 



L oss  o£ s t a b £ 1 1 t y  o f  n o ~ t r ~ . c  Ch£n shal low she l l s  1 1 9  

ilhemation, asymptotic values of the upper critical preaures are found for eLUpr- 
oidal shells subjected to uniform external pressure and for different fundamental 
methods of fixing the edge. A number of problems on the buckling of stricUy 
convex thin shells has been examined in [ I ] .  

1. F o t m u l i t i o n  of t h e  p t o b l s m o  A nonlinear modification of the theory 
of "mean" bending of an elastic shallow shell subjected to a t ramvene load is considered 
[2, 3] 

e2A~w - -  [w - -  z, F]  - -  q = 0, e~12F + 1/~ [w, w] - -  [z, w] = 0 

s 2 F x x = ~  v u + z : , v w + ~ u ,  u'-+-v u x +  z ~ : : w * ~  , 

2 ti ÷ v) [uv + v~ + 2,.,,~w + w,:w~l ( i  . i)  

dF,,~ = u~ + z=w + "7  w.~" ÷. ~, v~ + zvuw + W w /  

,Xw = w ~  + Wry,  [F ,  w] = F~wyv  + Fyvw,,~ -- 2F~vw~z, 

ALl the quantities in (1.1) are dimensionless and connected by the dimensional relation- 

ships Z = az, W = aw,  U = au,  V = av,  x x = ax ,  Yx = aY 

e 2 = h (a'~) -x,  ff~ --_ Ea2e2F,  P = Eye4q ,  yo = 12 (1 - - v  ~) 

Here Z is the sheLl middle surface, U, V, W are the displacements along the coot- 
dimtte axes O x l ,  O y l ,  Oz~, retl~Ctively, ~ is the Airy ~ funation, p is tim exter- 
nal load intensity (presure), and E is Young modulus. It is assumed that me shell occu- 
pies a finite simply-connected convex domain D with boundary F, where the shell 
edge coincides with F, Le .  z (s) - - - - -  0 ff s ~ l ~. The small parameter ~9. charac- 
terizes the relative wall thickness of the shell, h is the thickness, ~ is the Poisson's 
ratio, and a is the characteristic dimension of the domain D.  The deflection W is 
measured from the surface Z in the direction of load action. 

Equations (1.1) are investigated, together with each of the boundary conditions on the 
contour F 

i) F f F o f w f [ W o o + ~ ( w , , - - x w ~ ) ] = O  
2) F = F p  = w =  w~ = 0 ( t . 2 )  
3) u =  v - - w = i w , , ~ , + ~ , ( w . . × w , ~ ) ] = O  
4) u = v ~  w =  w= = 0  

Here x = x ($) is the curvattu, e of the contom F, where x > 0; s is the arclength 
parameter, and 9 is the interior normal to I'. The boundary conditions ( I .  2) cotrespot,d 
to :  (1) a moving hinged edge support, (2) sliding clamping of the edge, (3) a fixed 
hinged support, (4) absolutely rigid framing of the edge. Moreover, the surface z (x, y) 
is a n u m e d  strictly convex,  and the funct iom q (x, y), z (x, y) and F0 (x, y) from 
( I .  4) (see below) are sufficiently smooth. 

Asymptotic values of the upper critical loads of arbi~ary strictly convex shallow 
shells for the mentioned methods of edge fixing, when e" tends to zero, are determined 
herein. In passing, asymptotic expansions of the solutions of the problems (1. I), ( I .  2) 
are constructed as e --~ 0 . To do this, we use methods of asymptotic integration of 
the shell theory equations developed in [ 4 -  8]. 

Let e -----  0. We then have from (1.1) 
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!/., [Wo, wo] - -  [ : ,  u'o] = 0, [Wo - -  z, Fo] + q = 0 (1.3) 

The former is the.Monge-Amp~re equation, and has two solutiom under the boundary 
conditions w0 (s) = 0 such that 

1) Wo = 0, [z, Fo] = q; 2) w0 = 2z, [z, Fo] = - -q  (1.4) 

The first of these solutions covreapond~, for small values of the parameter e to the fun- 
damental elastic equilibrium mode close m the initial surface z, since (1.1) are satis- 
fied to the accuracy of quantities on the order of 8 2, but the boundary conditions (1.2) 
are hence not satisfied. It is shown below that as e --*- 0 the problems (1.1), (1.2) have 
solutions which behave similarly to (I) in (I .  4) everywhere within the domain D and 
undergo strong changes near the boundary F such that the boundary conditions ( i .  2) 
are satisfied, These changes are described by the edge effect equations whose solution 
for arbitrarily assigned z and q reduces to integrating the edge effect equations for a 
spherical shell under uniform external pressure. These latter are solved numerically on 
an elec~onic digital computer in [8]. 

The Pogorelav [1] hypothesis that the suain of a sufficiently thin shell in the precri- 
t ical stage is mainly an isometric transformation identical with the initial surface and 
the shell experience~ substantial strain only in the neighborhood of the boundary of the 
buckling domain is confirmed here. 

2. S t r i c t l y  o o a v e x  I h s l l !  with f r e e  f i x i n g  o f  t h e  e d s e ,  The asym- 
ptotic expansiom of the solutions of problems (1.1). (1) and (2) in (1.2) are constructed 
as e --,- 0 in the neighborhood of the first solution in (1.4) as 

7 t  

F (x, y, s) --- ~,  e~ [F~ (x, y) + eh~ (z, y, e)] (2.t) 

~' (x, y, e) --- ~ ,  e ~ [u,~ (z, y) + eg~ (x, V, e)l 
i==O 

The functions Fi ,  w~ are obtained by using the t int  iteration process [9]. Namely, 
letting V ~ (F ,  w) denote the sohgion, and P (~') the left side of the system from 
the first two equations in (1.1), let us require that 

7 t  7 t  

(2.=) 

Collecting coefficients of ~o e~ ... 8n and equating the expressions obtained to zero, 
we have for the determination of F0, u'o 

Wo = 0, [z, Fo] = q, Fo [r = Ao (s) ---- 0 (2.3) 

and a system of linear, second-order, partial differential equations of elliptic type for 
the determination of F~, wi I 

[wi, zl ----- " ~  ~ lw,.  w~] + AO'Ft_, 
~+jffi=i 

[Fi ,  z ] =  ~.  [ w , , F ~ l - - 5 2 w i - - .  ( k , / . 0 )  (2.4) 

Fi Ir = A~ (s), w~ Iv = Bi (s) (z = i, 2 . . . .  n; F-x -= u'-, ~ 0) 
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The right sides o f ( 2 . 4 )  are known if F0, w0 . . . . .  Ft_~, w~_, have already been found. 
The functions A ~ (s), Bi (s) in the boundary co'niiitions will be determined somewhat 
later in (2. I I ) .  

The vector V~ does not satisfy the boundary conditions (1) or (2) in (1.2)  and the 
residuals ori~nar~ng are cancelled by functions of boundary layer type hi ,  g~ which 
are determined by using the second iteration process [9]. To do this the difference 
V - -  V a is sought in the fexrn (2.1).  After substituting (2, I )  into ( I . I ) ,  we take account 
o f (2 .2 )  and go over to local coordinates (p, ~) of the boundary F in the relationships 
obtained by means of the formulas 

We hence have 

Z ~i*3A2hi ~ - ~  ~ Ek+i+' [~k '~ i ]  + E I~k'+i+l [ l O / ; ' g i ] - - ~  E i " ' l [ ~ i ' g ] =  0(t:n+l) 
i=--O ~ k, i==O k, i=:O i==O 

TI ~ 

iI.O k, i==o i.-O 

i¢, imo k, i=,,O 

Here 

4 

I==1 ra-~-l~ ==l 

Then we expand F k, w1: , ~ )~ ,  p=, ~=, p==, Pxy, ... in a Taylor series in the neigh° 
borhood of p ---- 0, set p = ~t, collect  coefficien~ of identical powem of £ ,  and 
derive equations to determine hl ,  gi by equating the expressions obtained for £-"-. 
E~I~ . . . ,  ~n--1 tO ~ r o .  

Let us note some valid relationships on the contour 1 r. Sufficient smooflmem of 
p (z, y), q~ (x, y), as well as for the arbitrary function ~ (x, y) relative to its argu- 
menu is hence assumed 

p:,-~ - -  p , /  = 1, Px = - -  Y~6 -1, py = X~6 -1 

%c= = X~6 -~-, ~v = Y~6-", 6" = X~" 4- Y,~ 

Px-P.=~. - -  P~'P.,v ~ 2pxP,P.~-v = O. P-~'Pvv ~ P~nPx= 2PxPvPx~ = x (¢~), 
: t  

¢.,.:..P~ + 9 , , vp :?  - -  2~., . , ,p;p, = % , 6 - " -  _ % 6 - ~  ( X , X , ,  + Y , Y , , )  - -  × (~) % = 

"(~ ~(~) (2. ~ - -  x (s) %, -~o = 1,  --:',1"(~) = O, ,~o  = -  2 x  6) 

Here x = × ((~-) is the cmwature of the contour F at a point corresponding to the 
value of the parameter (p (c¢ the arclength parameter s); X ---- X ((p), Y = Y ((p) 
ale parametric equations of the cm've I" in the l ~ i t i v e  direction. Now. by using (2.6), 
we obtain that the ~'-" coefficient is identically zero. The £-~ coefficient resulr~ in 
a system of nonlinear ordinary differential equations for the determination of h , ,  g~ 
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O'h~ l a { ao.o ~,.. a'-~.. _ O, a , e .  , 

at,  - -  T × ~ \ - - J Y  / ~ ×c at: - -  at~ 

0 / Oo~o Oito "~ 3=.-o O"-h~ 
× " g ' ( \  at  at } -F/×"gTT - -  ×c ~ = 0  (2.7) 

/ =  Foolr ,  c = z o l r > 0  

In deriving the values for / and c it is taken into account that F o (s) - -  z (s) = 0, 
i f  s ~ r .  we obtain a system of Hnear differential equatiom with variable coeffici-  
enls of the form 

O (0.o0 0 g i )  0zgi 04h~ - - Z - ' ~ -  Ot Ot '-2- XC "7-. ,  :=- Ril" (2.8) 
at 4 

( ) ( ) Oa~ i O, Olto Ogi b 0'~o Ohi ' ] ~  " - - N C  = I~i.~ 
a t :  '-- × "g': a""i- at " × ~ ,)t ot -':" at2 ~ - 

to determine h l ,  gi (i ~ 1) . Here B i t ,  Rio are known functions if F0, w0 . . . .  
Fi-1,  wi-x; ho, go . . . .  h i - t ,  g i -1 have already been found. 

Let us find the boundary conditions fo~ hi,  g~ (i ~ 0 ) .To  do this, let us substitute 
(2.1) into those boundary mmditions (I. 2) which contain the derivatives. Assuming 
p ---- et  , and equating coefficients of identical powers of e to zero. we obtmin 

aho = - -  Fo~ Iv, "" = O, = - -  F~ ,  Ir I )  ~ ,-o at"- '=o ot 

°"gi t=o ~ I  at: : v× '=0 - -  vg i_ : . ,  it=.0 - -  [wi-t, p= ,~- vW~-L ss - -  vxwi-t.  ;] r 

, - o  [ ah# t aho = - -  F o p  It, a~o = 0, = - -  Fio Iv 2) --gV 'at !=o at '=o 

Ogi i =--Wip[ I "  ( i : t , 2 ,  . . n ; g _ t = O )  
Ot ,-o 

(2.9) 

Moreover, four more conditions result from the requirement that the functions h~, g~ 

vanish at infinity ( Oh~ Og~}  
- -  - - .  0 (~ = 0 ,  t ,  ~) (2 iO) hi,  gh  at ' Ot t.-.~ " ' "  

Now, let m determine the boundary conditions for F i ,  w i . Satisfying ( I .  2) by using 
(2.1), we have 

71 n 
[Fo ~ Z  E{(Fi--~hi_l)] .~--o(~n+l), [ loo-~ Z ~"(/aPi'Jf-gi-1)] = O(~ ~t÷l) 

i--1 r i:l P 

It hence follows that 

F o l r  = Wo{r = 0, At  (s) = - -  h~-i (0), Bi  (s) = - -g i -x  (0) (2.11) 

The fL, st relatiomhip indicates the cofrecmess of the selection of the boundary condition 
in (2. 3), and the second permits predetermination of the problem (2. 4) .  

Thus, the com:uc t lon  of asymptotics of the soluticm of ( I .  1) under the boundam/ 
condilaom (1), (2) in (1. 2) reduces W the following. Fi~t F o, w u are de:ermined 
from (2. 3), (2.11). and then h0, go from (2. 7). (2.10). Furthermore, F I ,  w I are 
determined from (2.4), (2.11). and then hl ,  gt  from (2. 8) - (2.10), etc. Making the 
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substitution 
Oho Oe. "[/'~ct, t 
O't = - -  ~'c' Ot = - -  ~ c '  X =  - ~ -  q = / c - ~  

we obtain fxom (2. 7), (2. 9), (2.10) 

• ~ + ~ -  + p = 0 ,  Ox-' "~" Q p = 0 '  {=,~}=--*0 (2.I2)  

with the corresponding boundary conditions 

t oa] =0;  2) a(O)--+Q, 13(0)=0 (2.t3) t) a (o) = -~-Q,  o"~" -=o 

Therefore, for arbitrarily given z and q the solution of the equations for the main term 
in the edge effect zone reduces to the very same system (2.12). The problems (2.12),  
(2.13) have been solved numerically in [8]. The least branchpoin|s Q* for these prob- 
lerm have also been found there. Then, let us introduce the quantity 

~ = m a x ,  Q - - m a x , [ 2 f c  -x] - - m a x ,  " G,(x,y;~,~l) q(~,~l)d~d~ 

] = F0,  (s), c = z~ (s), s ~_ r 

as the load parameter [8]. Here G is the Green's function fox the problem (2.3), and 
the point (x, y) ~ F. Then using the result of Sect. 3 in [8], we obtain the respective 
asymptotic values of t~e uppe~ oritical load 

l)  ~o = 0 *  ---- 0.793,  2) o0 = Q* --  t .766  (2.14) 

for the boundary conditions (1) and (2) in ( I .  2). Th~ value can be refined if we use 
series of perturbation theory 

n 

5" .-- Y, ~ ,  q* (~, y) - -  q (z, y) + Y, ~q~ (2.15) 

Here the ql are constants determined together with ol from the condition that the linear 
boundary value problems of the second iteration procen are solvable for i ~ I. Thus, 
by passln~ to dimensional variables we arrive at the following result. 

Let z, q and F 0 f~orn (2. 3) be sufficiently smooth functions in D -~- F.  Then for 
very thin shells with the edge fixing conditions (I), (2) in ( I .  2). the values of the upper 
critical load P j* are determined by the formula 

P~* = ~ :~* = max Gp (x, y; ~, T1) pj* (~, ~l) d~ d~l ---- 

V 3 ( t - - v " )  \ a / [ l ÷ a ~ ; - / - . . . ] ,  / = 1 , 2 ;  at ~- 0.3965, ~,~.--0.883 (2.16) 

Here the subscripts j --~ 1,2 corresl~nd w the boundary conditions (I), (2) in ( I .  2), a 
is the characteristic dimension of the domain D and G is the Green's function of the 
problem (2. 3). (The coefficients a~j are not found herein). 

8. S t r i c t l y  a o n v e x  J h e l l !  u n d e r  ~tgid e d s e  f i x i n s .  Thecons~uct ion 
of the asymptotics in this case is rather more complex than in the case of free edge fix- 
ing. Indeed. even the determination of F 0 from (1.4) encounters difficulties in con- 
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s~ucting the fist imration process (it is not known what boundary conditions are obtained 
for F o at s = 0). Hence, equations connecting the function F with the variables u, 

r ,  w are relied upon in both iteration ixoceues. 
Equating the third order mixed derivatives for the function F ,  we obtain from (1.1) 

L 1 ( u , v ) = % u +  i--v . i - - '  v 
• 2 v~. r , u~ = /. (w) =- /= (w, w) 

l - - v  l--v 
L~. (u , v )=u .~ .~+ ~ u ~  + ., v ~ v = h l ( w ) +  / , 2 ( w , w )  

/1~ (w) = - -  [(z~,~ + vz.~.~) wl~ - (i  - ~) (:~w).~ 

/2l (w) = - -  [(z= + vz~,) wl.~ - -  (i - -  v) (z,~w)y (3.1) 

h2 (wl, w2) = -- w~vw2~,~ - -  vw,:w,..~ 2 (w~vw~_~ -4- wl~w~l,) 

/2,. (wl, w~) = - -  wL, w2= - -  vwl~w,.~.~, t - ~ 2 (wluw2xu ":" wa~w~v) 

Let us note that the relations (3. 1), together with the f la t  equation from (1.1) and the 
boundary conditiom (3) or (4) in (1.2), compcise a complete system of equations for the 
mean bending of shells, written in terms of displacements [2, 3]. 

As before, the asymptotic expamiom for F and w are constructed in the fca'm (2.1), 
and for u and v in the form 

n I t  ~. 71 

u ~  ~ ,  e'u~ -4- Z e+l~h, v - ~  Z elvi -4- Z ei+l;i (3.2) 
i=ffi0 "t=ffi0 i==0 i,=O 

As a result of the first iteration Ixocem, we have (1.3) to determine F0, w0 from (1.1), 

and the following sysmm for u0, v0 : 

Vo~ + zyvwo + 1/,~ U~ov + v (Uo: + z,~wo + % WoJ) = 0 
Uox + z~=Wo + x/~ w0~: + v (roy + zuuwo + 1/,, Woy2) : 0 (3.3) 

Uov + Vo~ + 2z~uwo + Wo~Wou = 0 

we obtain ( 2 . 4 ) t o  determine F i ,  w~ and the following system fct ut,  v~ (i ~ 1) : 

F~.~. = = ~ v~, + z~,w, + -~- y,  (w~,w.,., -r vw,=w,,,~) + vuo~+ vz=wi 
~¢ + m,--4 

- - t  [uit , .+vi~.+2z~wi + ~ ws~w.~v] (F_l=ffiO) (3.4) 

, [  , ] F,.~.,~ = ~ u~  + z x ~ -  T Y '  (w~.~w,,,.~ -4-4- vw~,w,,,~) "4- vvi~ + vz~w~ 
~+m=i  

Analogously to the derivation of (3. I) for Uo, v0, we have from (3.3) 

L1 (u0, v0) ~- /11 (WO) -~- 112 (WO' WO)' L~ (u0, u0) = ]21 (w0) -~ 
I ~  (Wo, Wo) (3.5) 

and from (3. 4) the following sysmm for u~, v~ : 

L1 (ui, oi) = 111 (wi) -4- ~t /~  (w~, w,~) (3.6) 
k ~ m ~ i  
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Ls (u~, vi) = ]=1 (wi) -4- ~P, /22 (w~, w,,~) 
k~m=- i  

Requiring that  the expansiom (2. I )  and (3.2)  be satisfied on the boundary r by the re la-  
t iomhil~ (3) or (4) in (1.2) .  we obtain the foUowing boundary conditions for the systems 
( 2 . 4 )  and ( 3 . 6 )  : 

w~ Ir = - -  g , - 1  Ir, u~ Ir = - -  n , -1  Ir, v~ ]r = - -  ~i-1 Jr ( 3 . 7 )  
( i  = O ,  i , 2  . . . .  ; g - I  = Tl-z = ~ - I  ~ -  O) 

Thus, in order to determine wl ,  u l ,  v~ at each stage, it is necessary to know the value 
of  the boundary- layer  functions gl-1, ~ I - i ,  ~I-i ,  on the boundary F ,  which are de te rm-  
ined as a result of  the second iteration process. Let us show that  

wo---- u o =  v0---- O, w 1 =  u 1 - - v  z ~ O  (3.8) 

The first relationship is obtained dlxectiy from ( 3 . 7 ) , ( I .  3) and (3. 5). To prove the se- 
cond relationship, let us first find the boundary condition (3. 7) for i ----- i .  It will be 
shown below (see (3 .17))  that go = Tl0 = ~o == 0 and therefore, /D I ($) = U I (8) 
/)1 ($) ~---0 fC~ $ ~  r .  Then (3 .8)  resulls f :om (2 .4)  and (3.6)  for i = i .  Furthermore, 
to determine u~, v 2, w= , we have two equatiom from (3.6)  for i --- 2 and an equation 
from (1.4) .  which is written by using (3 .4)  for i ----- 2 as 

(vs v + z y v w  s + vus, ,  + vz, .xw2) = q ( t  - -  v s) (3.9) 

The boundary conditions are hence  determined from (3 .7)  for i = 2. sow, i f  u~., v~, 
w~ have been found, the second derivatives of  the function F e are calculated by means 
of  (3 .4)  for i = 2. Let us note that u=, v=, w~., F 0 are found simultaneously with the 
demrminat ion of  the boundasy layer functions h 1, gl ,  '~I, ~I* 'r'~e subsequent terms of 
the first imrat ion process are cons~uc~d  in an analogous manner. 

L e t  us t u r n  to the second iteration process. In order to simplif  7 the calculations signi- 
ficantly, let us first carry out the second iteration process for ~ functions h i ,  gi by 
temporari ly assuming that the functions Fi ,  w i are known. Then. as in Sect.  2, we obtain 
the system (2. 7) to determine ho, go • The boundary condit iom for the functions gi at 
t -~- 0 are obtained exactly as in (2.9) .  In order to obtain the boundary conditions for 
h~, let us use the relationship for F on the contour F,  which easily follows from (3) 

or (4) in (1 .2)  (see [2.3) 
[F~p -- vF~, + ×vF~]r = 0 (3.10) 

Using (2.1) and the substitution p = ~t . and equa~Ing the coefficients of identical 

powers of e. we obtain from (3.10~ 

I 1 i0 1 :)~h, = 0, = - -  R (Fi-1) - -  xv  Ot ¥ Os" Jt=.O :~t 2 t==o 0t z , = o  

R ( F i )  = [ F , ~ - - v F ' . ~ = -  x v F i ~ l r  ( / - = t . 2  . . . .  n ; h - ~ O )  

Now, it follows from (2.7), (2.9), (2. I0) and (3. II) for any function F o that h 0 = 
go ~ 0. Then. from (2.5) we arrive at a linear sysmm of ordinary differential coeffi- 

cients with constant coefficients for hz. g~ 

b~h, O"-~z - -  O. O~.'q O*-h~ . O'~.~ 
ot - - 7 - × c  or-' - -  ot - - 'v"  - ×c or-' ÷ i ~ × - - ~ - ,  = 0  (3 . t2 )  
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c = c (s) = I r ,  

with boundary conditions corresponding to (3), (4) in (1.2) 

O~z~ ) = O, O'h, I = - -  1:l (Fo), 
3) ~ ~-o at -'~ ' - o  

4) oe~ = 0, ~h ,  ) 
at , . o  - ~  I ,-0 = - -  R (Fo), 

The solutions of these problems are written down explicitly 

Here 

11 = / ~  (s) = IFo~xpu ~" 4- Fo~upZ" - -  2FoxvP~pulr 

{ht, gl}= ~ 0 

{ha, gl},~ --, 0 

~h! ~ Ia !,..T... [ Q)~,I)_~.. b(,~.- I[ Q)~/(1)] 
3) -.SV = .~y ~ 

" _0"'::: = B [ax(~),  by(~)] 

oh~ B [ +  Qx(1 ) 2aby(1)] Oe, B Z(1) 
4) Ot = " ~  - -  ' at = - ' b -  

x',t) = e -~" s i n  bx, y(~) = e -~" cos b~, x = (xc)'/, t 

a =  , b = \  S I ' c = z o l r ,  Q = 2 l l c t  -1 

/ t  = [ F o .  - -  xFo~lr ,  c~ = [z, ,  - -  × z , l r  

B = - -  (×c-~) '/' [Fo~ - -  vFo , ,  + xvFo~l r  = - -  (×c~) '/' R (Fo) 

(3 . t3 )  

(3.14) 

The funct iom hi ,  g~ (i  ~ 1) are determined from equat iom of  the form (3 .12) ,  but 
inhomogenous .  Formulas ( 3 . 1 4 )  are valid only for (9 < 4 .  

Furthermore, let  us turn to the construction of  the boundary layer functions ~t, ~]t 
( i  = 0 ,  i ,  2 . . . .  ). To do this. let  us substitute ( 2 . 1 ) , ( 3 . 2 )  inw (1 .1 ) ,  let  us rake account  
o f ( 3 .  3 ) , ( 3 . 4 ) ,  and let us turn to the local  (p,  ~0) coordinates in the expressions obtained.  
Together with (2 .4 )  we obtain 

~=o = - -  2 (i -r v) [i=,o 

~,  eh..~.~ [w,,  ~ ( g ~ , %  + g, , , ,%) + w~.. v ( g ~ o ~  + gin,,%) + 

i [e~ + r e d  + 0 (e"+9 
t = O  

?t 

i=O 
Here 

el ~ ~ ~,+1 (:,ppy .Jr-~',q)y + zvyg ' )+  ~ 8'+m+l (w~, 
i==O l¢-~-m~,~ 

( 3 . 1 5 )  

8 
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~t  

z=O k~m~ffiO 
T.gk®cp. (g,,,~o~ + g,,,.q~=) 

hx~ = h o o P ~  + h ~  (Pxq~ + Py(Px) + ]'l'~*~x(P~ ~, hppx,j + h,~P.,It 

Now, let us expand the known functions and their dertivatives in (3.15) in Taylor series 
in the neighborhood of p - -  0, let us set p ~ st ,  let us collect coefficients of identi- 
cal powers of ~ and let us equate the expressions obtained for ~o, ex  . . . ,  8n to zero. 
We obtain the system 

~tP.~ + "qotPy + got (Wo,.p~ + woypx) + go~pxP,s = 0 
~otPy + VrlotPx + got (woupy + VWoxPx) + a]~ got~ (p ~- + vpx2) = 0 

V~0tPp "~- "qotPx "J(- gOt (to0xPx -~ VLO0,UPy) "~ 1/~ g0t2 (Px" "~- VPy ~') "~" 0 

for the coefficient eo to determine ~o, ~ • We will show that 

go = ~o = ~o =--- 0. ~h = ~x = 0 (3.17) 

The first relationship follows from the fact, already proved, that go = t), from (3.16) 
and the conditions {~o, ~1o}~ "*" 0. Titan, equating the coefficient of s x in (3.15) to 
z e r o ,  we have 

- -  PxPYh°tt = 2 {t + v )  (~uPx + ~h~Pu) 

to prove the second relationship. Hence,(8.17) follows became h 0 = 0 and {~x, 
~]a}~ ~ 0. By using (3. 7), we determine the boundary conditions for the system (3.6) 
t~om the second relationship in(3 .17)  for i ----- 2 ; t hey  are u,  (~) = v~. (s) = 0 for 

.~  12 Then u, ,  v~, w,, are found from (3.6) for i = 2 and (3. 9), and the second 
derivatives of the function Fo f~om (3.4) for i = 2 .  Furthermore, equating the coef- 
ficient for £= in (3.15) to zero and taking account of (3.17), we obtain the following 
system of linear equations to determine 1].2..~o : 

'=~,Pu + zuvgx + v~lo_tP.~ + vg~z= "7 T g ,  (P, , vP~ ~ 

t [ .~ vp~-)q pu~h, xtt = ~ Thtp~ ~ zxxg~ + + vg~zv~ ~ I ~ , . .~ 

t 
, - -  PxPYhxtt = 2 (l -- v) [~tPx + ~l~.tPv + 2zxug~ + gat'PxPy] 

with the boundary conditions { ~ ,  ~1-. }= "+  0. Here h~ and gx are already known from 
(3.14). The boundary layer functions ~ ,  ~ (i ~ 2) are determined analogously. 
Let us note that the formulas of the Pogorelov geometric method for strictly convex 
shells (see [1] ,  ch. V) can be derived from (3.12) and (3.16}. 

Let us in~oduce the load parameter [8] defined by the formula 
= max  Q = max [2/xc~ -~] -- max [2c~-~Lql (3.18) 
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/1 = [Fox~p~" ÷ F0,up~ 2 - -  2Fo.wf~Pv]r, c~ = - -  × (s) zp (s) 

Here L is a linear operator defined by the relationship f~ = Lq.  Fu:thermore. let us 
note that (3.14) are valid only for Q ~ 4. For (9 --- 4 the problems (8.12) ,(3.18)  
have no solutiom which decrease at infinity. Repeating the same reasoning as in Sect. 4 
of [8], we obtain the asymptotic value of the upper critical load in the ease of the bound- 
ary condltiom (3) and (4) in (1.2)  

a0 = Q* = 4 (3 . i9 )  

Successive terms of the expansion in powers of £ for values of the upper critical load 
can be constructed by using the relatiomhil~ (2.15), Thus, by returning to dimensional 
variables we arrive at the following result. 

Let z, q and F o be sufficiently smooth functlom in D --~ F. Then values of the 
upper critical load are determined for very thin shells with the edge fixing conditions 
(3), (4) in (1.2) by the formula 

Eh ~- ., = - -  = max  [2c t - tLp  *] = 
PJ* 7a*- ~ s~P 

(+): 
¥ 3 t l - - v : )  [ t ~ a l i ,  '--a~j~ ° - - . . . ] ,  f = 3 , 4  

Here the subscripu 3, 4 correspond to the boundary conditiom (3), (4) in (1.2). a is the 
characteristic dimemion of the domain D ,  and L is the linear operator defined by 
1~ = Lq  (the coefficients atj  are not found herein). 

4, Z l l l p e o i d t l  | h e l l  u n d e r  u n i f o r m  e x t e r n a l  p r e e t u r e ,  Let the ini- 
t ial  shell middle st~face and the parametric equatiom of tim contour F be given as 

z = i  - - + ( k , x ~ +  k:y2), X = ] / / f ~ . j  cos ~ (4.1) 

Y =  sinrp, k l = ~ 0 ,  k ~ =  z l r = 0  

In the ease of the boundary co~il t iom (1),(2) in (1.2), we find 

k.,.Fox:, + klFo~,v q- q = 0, F 0 l r  = 0 

from (2.3) for the determination of F 0 It is easy to guess the solution of this problem. 
We hence have i 

q (2 - -  klx*" - -  k..y 2) Fo = 4 kik,. 

Using (2.6). we deduce 

/ = Fo~ Ir = V~q (xk~k-.) -~ [k~Py ~ ~ k,.P~2l r ,  c = :~ [r  = 
×-1 [kxPu: -r- ksPz*'lr, a = q/klk~ 

Then by ruing (2.14), we have for the cases (1), (2) in (1.2) 

i )  a o = qo/k lk  2 = 0 . 7 9 3 ,  2) ao ---- qo/k lk :  = i . 7 6 6  

Hence, returning to dimensional variables for the asymptotic value of the upper critical 
pressure, we correspondingly obtain 

0.883 h"- 0.3965 h ~- 2) P0 = (4 .2)  
i )  P0 = y ' 3  ( i  - -  v') R--7~.. ' V 3 ( i  - -  v~) / ~  
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In the case of boundary conditions (3), (4) in (I .  2), we use the formulas of Sect. 3 to 
determine F 0. Applying (4.1). we obtain from (3. 9) 

w~ = [q(1 - - v  ~) + ( k : +  vk 0 v ~ + ( k ~ + v k ~ )  u ~ J ( k ~  ~ - + k ~  ~ +  2vk~kz) -~ 

Substituting w t in (3.6) for i ----- 2 anti taking account of the boundary conditions 

V s(s)  = tt~ (S) = 0 ( S ~  F), we deduce v~ (x, y) = u s (x, y) = 0. Then for~ = 
2 it follows from (3.4) :  

w~ = q (1  - - v  2) K ,  

Fovv = - - q  (k + vk.) K ,  Fo~v 

using (4. 3) and also the relationship 

Foxx = - -q  (k~ + vki) K 

= O, K = (ks ~ + k.." + 2vklk2)  -~ 
(4.3) 

= [ ( ~ - -  ~*,~) P~'+ (~P~ -- ~ )  Pv"+ 2 ( i+v)  ¢~o=p~lr 

we obtain 

/ t  (F0) = - -q  (1 - -  v:) K [kopx 2 + klpv~]r,  el = - - [k lPv  2 + k@x~]r 
(4.4> 

11 = - - q K  [Pv: (k. + vk0  + P,~ (kl + v k ~ ] r  

Now h 1, gl ate determined completely by (3.14). In particular, we have in both cases 
(3) and (4) 

gl (0) = - - q  (1 - -  v 2) K = w:  (s) (~ e r) 

i . e .  the first condition in (3.7) is satisfied for f = 2 .  Furthermore, taking account of 
(2.6) and (4.4),  in conformity with (3. 18), we determine the load parameter 

[ 2qK (k:: sin °- q; - -  kl °- cos"- q~ 2-, vk lk~)  
2q (! --' va) 

= klk2 (1 . 2v:t -r a*) 

a = k x / ko, if k. > kl and a = k.. k 1, if  k x > k~ 

Then by using (3.19) we have 
2q . ( l+v : t )  = 4, :x - -  mm(R~.R2) ~ 1  

~0 ~- kxk2 (1 + 2~t + ct") max tnl, n~) 

Hence, by passing to dimensionless variables, we obtain for the asymptotic value of 
the upper critical pressure in the case of boundary conditiom (3) and (4) in (I.. 2) 

AE h z i ' 2va -4- "f) 
P0 = V 3 ( i -  ~,) & a ~  , A = ~'i +v : t  (4.5) 

Thin, for sufficiently thin elastic ellilmoidal shells under uniform external pressure and 
the boundary cottditiom (1.2). the values of the upper critical pre~ure are demrmined 
by the formula ztjE h~ 

PJ* = V 3 (i - -  v:) ~ l a ,  [ i  + al~e + a~j~ 2 + . . . ]  ( 4 . 6 )  

/ ~ l, 2, 3, 4, ctl ---- 0.3965, :t: ---- 0.883 

rain (B1, R.,) as"---- a~ = ( i  ~ 2v:t --: =2) ( i  + vzt) -1, ~ = 
max tt6, n2) 

Here the subscripts ] = I to 4 correspond to the boundary conditiom (1) - (4) of (1.2). 
(The coefficients axi, a.j ,  ... are not found herein). 

If the conditiom Fir = 0, en]r = 0 (en is the displacement normal to the contour 
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r) are taken in (3), (4) from (1.2) instead of the conditions s (a) = r (s) = 0, then 
(4.5) is obtained for P0, where A -- 2. In this case the value of P0 has been found 
earlier by Pogorelov by geometric methods (see [1]), and the influence of imperfections 

in fixing the edge on P0 has been investigated in [ 10]. 
The appropriate expansiom (2. 1) and (3.2) describe the asymptotic behavior of an 

ellipsoidal shell in the precritical stage. The shell is mainly deformed as a rigid body 
and a strong change in the stresses, moments, etc. is observed only near the edge. The 
process of shell snapping starts in the edge effect zone, where this occurs at once along 
the whole suppc~ contour in the case of boundary conditions (1), (2) in (1.2), and starts 
with the formation of crescent-shaped dents in the neighborhood of the vertices of the 
minor axis of the ellipse D: 

Setting /~i = R~. = R, we obtain the asymptotic value of the upper critical pres- 
sure of a spherical shell from (4.6) 

~E {h_..',)"- I t  + a,j~ -:- a2~ ~ -:- . . - I  (4.7) 
P J * =  ¥ 3 t i - - 4 : )  \ , ~ J  

ax = 0 .3965 ,  % = 0 .883 ,  a3 = a4 = 2 

i.e. it agrees with the values found by axisymmetric theory [8]. 
It has been shown in [11 - 14] that the buckling of a thin spherical shell under uniform 

external pressure can occur in a nonsymmetric mode, where the number of harmonics n 
corresponding to the minimal critical load increases as the value of the parameter e 
diminishes. Formula (4° 7) results in the deduction that sufficiently thin spherical shells 
(e -- 0) under uniform external pressure buckle in an axisymrnetric mode ("). 

However. for j = 4 formula (4.7) contradicts the asymptotic value of PH , the upper 
critical pressure for buckling in a nonsymmetric mode, found in [11] 

n" -Rh  
p~* = 0.864pa*, if a '~ ]/12 (t -- v-') " "  (0"8t7)'~ (4.8) 

Here, the following must be noted. All the deductions herein (including (4. 7)) have been 
obtained under the assumption that for ~ - ,  0 changes in the solutions in a direction of 
the normal to contour r (in the boundary layer) have a higher order of magnitude in 
e-t than along r. Moreover, it is easy to show that (4.7) holds for the cases / = 3,4 
under the condition 

~'~-an ~ =  0(1),  O < a Q 2  (e - -O ,  n - . 0 ¢ ) .  

As regards the result (4. 8), it seems to be doubtful. The method of obtaining it contains 
many unfounded assumptions (for example, the boundary layer functions for the radial 
stress resultants in the axisyrnmetric solution are discarded). 

The author is grateful to I. I. Vorovich. V.I. ludovich and L.B. Tsariuk for attention to 
the research. 

*) A.V. Pogcfelov : Report to the All-Union Conference on Plate and Shell Theory. 
Rostov-on-Don..~. 971. 
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